FACTORISATION OF TWO- VARIABLE p-ADIC L-FUNCTIONS 
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Q , ■ Abstract. Let / be a modular form which is non-ordinary at p. Kim and 

Loeffler have recently constructed two-variable p-adic L-functions associated 
to /. In the case where a p = 0, they showed that, as in the one-variable case, 
QQ , Pollack's plus and minus splitting applies to these new objects. In this short 

£*0 i note, we show that such a splitting can be generalised to the case where a p j^ 

using Sprung's logarithmic matrix. 
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1. p-ADIC LOGARITHMIC MATRICES 



(— I ■ We first review the theory of Sprung's factorisation of one-variable p-adic L- 

functions in Spr l2b[ |Sprl2a| , which is a generalisation of Pollack's work |Pol03j . 

Let / = X] n >i a nQ n be a normalised eigen-newform of weight 2 and level N. Fix 
an odqj prime p that does not divide N and v p {a p ) ^ 0. Here, v p is the p-adic 
valuation. Let a and /3 be the two roots to 



> I X 2 - a p X + e(p)p = 

» , with r = v p (a) and s = v p (/3). Note in particular that < r, s < 1. 

-H- ' Let G be a one-dimensional p-adic Lie group, which is of the form A x {j p ), 

(**«>. , where A is a finite abelian group and (•jp) = Z p . Let F be a finite extension of Q p 

_u ' that contains jUiAh o n and e(n) for all n > 1. For a real number u > 0, we define 

£)(") (G ; _f) f or the set of distributions /i on G which are of the form 






2^ 2^ C (T ,„cr(7p - 1) 
n>0ffgA 



where Co- )T j s F and sup n |c<T, " lp < oo for all <r £ A (here | • \ p denotes the p-adic 
norm with \p\ p = p _1 ). Let X = j p — 1. If ry is a character on A, we write e,,ii for 
the 77-isotypical component of /x, namely, the power series 

£ £ Cff ,„r?(<7)( 7p - 1)" e F[[X]]. 

n>0a-£A 

For /xi S D^ (('y p ) , F) and it 2 £ D { - U \G,F), we say that xti divides ii 2 over 
£)(")(G, F) if iii divides all isotypical components of /J2 as elements in F[LY]]. 

Definition 1.1. We say that (ji a ,np) £ D^(G,F) © D^(G,F) is a pair of 
interpolating functions for f if for all non-trivial characters lu on G that send "f p 
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to a primitive p n ~~ 1 -st root of unity for some n > 1, there exists a constant C u 6 F 
such that 

(i a (u) = a~ n C u and n (u) = 0~ n C u . 

Remark 1.2. The p-adic L-functions L a ,Lp of Amice-Velu [AV75] and Visik 
|Vis76j associated to f satisfy the property stated above, with G being the Ga- 
lois group Gal(Q(/x p oo)/Q) and C u being the algebraic part of the complex L-value 
L(f,u>^ 1 , 1) multiplied by some fudge factor. 



Definition 1.3. A matrix M v = ' 



„ - i ) with mi,i, m2.i £ D^({y p ),F) 

and 77ii,2, 77i2,2 £ D( s > (("f p ) , F) , is called a p-adic logarithmic matrix associated to 
f if det(Mp) is, up to a constant in F x , equal to log„(7p)/(7p — 1), and det(M p ) 
divides both 

m 2 , 2 Ma - m 2 .ifip and - mi,2/i Q + m^ifip 
over D^'(G,F) for all interpolating functions fx a , \i$ for f . 

Lemma 1.4. Let fi a , fip be a pair of interpolating functions for f. If M p is a 
p-adic logarithm matrix associated to f, then there exist M#)Mb £ D^°'(G,F) such 
that 

(fia fip) = (m# Mb) M p . 
Proof. Let 

m 2 ,2Ma - TO 2 ,lM/3 , -m\fiH a + mi,iM/3 
^*'- deI(iWp) and w:= det(M p ) ' ' 

By definition, the numerators lie inside D^(G,F) and the coefficients of det(Mp) 
have the same growth rate as those of log„(7 P ), so m# and Mb lie inside D^ (G, F). 
The factorisation follows from the fact that 

m 2 , 2 -mi, 2 \ M fdct(M p ) 

-m2,i mi,i / p V ° det(M p 

D 

We now recall the construction of Sprung's canonical p-adic logarithmic matrix 
associated to /. 

Let C n = I , s-? , n I , where $ p »> denotes the p™-th cyclotomic polyno- 

V - e \p)^p n dp) "J ' 

mial for n > 1, C = I ? N „ I and A = \ n I . Define 

\-e(p)p 0/ \f3 a J 

M^ := d ■ ■ ■ C n C- n - 2 A. 

Theorem 1.5 (Sprung). The entries of the sequence of matrices Mp converge 
(under the standard sup-norm on p-adic power series) in D^- 1 ' ((j p ) , F) as n — >• oo 
and the limit lim M^ n ' is a p-adic logarithmic matrix associated to f. 

Proof. We only sketch our proof here since this is merely a slight generalisation of 
Sprung's results in |Sprl2a[[Sprl2b| . 

Since C n +i = C mod (X + l) p — 1, we have 

M(™ +1) = M< n) mod (X + if 1 - 1. 
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Note that 



which implies that 

(1) C-"- 2 A = A 



1 lr! 'o ? 



-n-2 \ _ f-0T n - 2 -/?-"- 2 

/T"- 2 I ~ {/3a- n - 2 a(3- n - 2 



Since all the entries in C\ ■ • ■ C n are integrals, the coefficients of the first (respec- 
tively second) row of Mp grow like 0(p~ r ) (respectively 0(p~ s )) as n — > oo. 
Therefore, by PR94| §1.2.1], the entries of the first (respectively second) row of 
Mp converge to elements in D^ ((j p ) , F) (respectively D^ s \(-j p ), F)). 

Let M n =( ' ' ) be the limit lim M^ 1 ' . If a; is a character that sends 

\ m 2,l "12,2/ n^oo p 

7 P to a primitive p n ~ -st root of unity, then 

M p (oj) = Ci{u) ■ ■ ■ C„- 1 (u)C- n - 1 A. 

Note that G n _i(w) = I „ p „ I , so from ([T]), we see that there exist two constants 



x , 

A^.B^j e F such that 

/a p A, A„\ f-a-^ 1 -Z?-"- 1 ^ _ /-o" n A, -^"4 

In particular, if /i Q , ^i« is a pair of interpolating functions for /, 

™-2,2Ma*qM ~ rn2,i{u)np{u) = -mi, 2 (w)|U a (w) + mi,i(w)^(w) = 0. 

Finally, by [Sprl2a| Remark 2.19], det(M p ) = log ^ +x) x -faj^, hence the result. 

D 

Remark 1.6. Similar logarithmic matrices have been constructed in [LLZlOj using 
the theory of Wach modules, but they are not canonical. 

2. TWO- VARIABLE p-ADIC L-FUNCTIONS 

2.1. Setup for two-variable distributions. We now fix an imaginary quadratic 
field K in which p splits into pp. If 3 is an ideal of K, we write Gj for the Ray 
class group of K modulo 3. Define 

Gpoo =limGp7i, Gp°o =hmGpn, Gp°o = lim Gp" . 

These are the Galois groups of the Ray class fields K(p°°), K(p°°) and i^(p°°) 
respectively. Fix topological generators 7 P and 7p of the Z p -parts of G p oo and Gp~ 
respectively. We have an isomorphism 

Gp- ^ A x ( 7p ) x ( 7f ), 

where A is a finite abelian group. Let X — 7 P — 1 and Y = 7p — 1- For real numbers 
u, v > 0, we define D^ u ' v > (G p oo , F) for the set of distributions of G p oo which are of 
the form 

J2 j2 c ^ xiYJ > 

i,j>0 creA 

where c a ,ij S F and sup^- ^'A < °° f° r ah cr G A. On identifying each A- 
isotypical component of p with a power series in X and Y, we have the notion of 
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divisibility as in the one-dimensional case. We define the operators dp and dp to be 
the partial derivatives -A^ and -£? respectively. 

For * G {p,p}, we let f2* be the set of characters on G p °° with conductor (*)" 
for some integer n > 1. 

Let [i G D^ U,V \G P ^ , F) where u,v > 0. If uj p G D. p , we define a distribution 
^p) by 

Lemma 2.1. The distribution jj}- u *> lies inside D( v > (Gp^ , F') , where F' is the 
extension F(ujp(^ p )). 

Proof. We need to show that 

(2) sup IE,c g , J K( 7p )-i)i P<oo 

3 f 

for all ct G A. But t> p (wp(7 P ) — 1) > 0, so there exists a constant C, such that 



for all i. Hence, 



iH( 7P )-i)ip<^ 



»,j(^p(7p) -1)'Ip < c x |c<7,»j|p 



i M j" 



which implies ©. D 

Similarly, for wj G flp, we may define a distribution /i^^ G D^ (G p =o , F'), 
where F' = F(Wp(7p)). 

2.2. Sprung-type factorisation. Let £ a , a , L a a, Lr a , Lp a be the two-variable 
p-adic L-functions constructed in |Loel3j (also [Kimllj V By [Loel31 Theorem 4.7], 
£*,. is an element of fl^W'" 1 '''" (G p =o , F) for *, • G {a, /?}. Moreover, if a; is a 
character on G p °° of conductor p'^p™ 7 with n p , rip > 1, we have 

(3) L a , a (u) = a- n "a-^G w 

(4) L a(j9 (a;) = o-^^-^C,, 

(5) Ls, a (w) = p-npcT^Cu 

(6) ^^(w) = i3- ,lf r n ~c u 

for some G w G F that is independent of a and /3. 

Let Mp be the logarithmic matrix given by Theorem 11.51 On replacing 7 P by 

/ p p \ 

7p and yw respectively, we have two logarithmic matrices M p — p' p' I and 




jn 2 _\ " t 2,2 / 

TO i 2 ] defined over L>W(( 7 p), F) and L>W((7p-),F) respectively. 
Our goal is to prove the following generalisation of |Loel3[ Corollary 5.4]. 
Theorem 2.2. There exist L# t #,L\, .#,£# .[,, L\,\, G D(°' \G p °°, F) such that 

[L a ,a Lj3^ a L Q:/ g £^,/3J = (£#,# -^b : # -^#,b ^b.b) Mp ® Mp. 

We shall prove this theorem in two steps, namely, to show that we can first factor 
out M p , then Afy. 
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Proposition 2.3. For* e {a, {3}, there exist L # ,*,L b ^ E D( 0,V *W> (G p o<> , F) such 
that 

(7) (L a ,* Lp,*) — (£#,* £|>,*) A/ p . 

Proof. We take * = a (since the proof for the case * = f3 is identical) . Let u> p 6 O p 
and Wp- G Op- and write w = w p Wp-. 

By ([3]) and ([5]), Lo^fi and La „ is a pair of interpolating functions for /. In 
particular, det(M p ) divides both 

m P r( w F) rT7 P i-Ct) anr i m P rW ,™P rK") 

nL 2.2 lj a,a ''''2 l^B a anu "'12^0,0 T ni \ t l lj p^ a 

over D^(G P ^ 7 F). Therefore, the distributions 

777/9 2 a a — ^^2 1 13 a and — 771 1 2 a a ' ^^1 1 fi a 

vanish at all characters of the form u — w p cjp-. This implies that 

{m\ 2 L a ^ a - m v 21 Lp^ a ) up = (-m\ 2 L a ^ a + m^jLp^) " p = 

since these two distributions lie inside D^(G p ^,F') for some F', with r < 1, 
and they vanish at an infinite number of characters for each of their isotypical 
components. Hence, det(M p ) divides 

7770 2 a a — ^^2 1/3 c* and — 777/1 2 & ol T" 777i i Ijft a 

overD( 1 ' r )(G p0 =,F). Let 

m 22 L aa — m 21 L/3^ a —i r n l2 L a ^ a + m ll Lp, a 

L#,a '■— ! , T7T7 \ ' ana - -^b,a : = 



det(Mp) "' a ■ det(Mp) 

We may then conclude as in the proof of Lemma 11.41 □ 



Lemma 2.4. Let w be a character of G p ^ of conductor p nt, p * with rip, Tip- > 1. 
There exist constants D u and E^ in F such that 

d P L a , a {uj) = a- n »D u , ^-£a,/9(«) = P~ n *D u , 
d p L 0<a (uj) = a- n »E ul d p Lp t 0(uj) = P~ n *E u . 

Proof. We only prove the result concerning d p L a ^ a and d p L a ^. Fix an uj^ £ Op-. 
By and ©, we have 

/3"^ ) (a; p ) = a^L^ ) ( W p) 

for all w p e Op. But L^,L { ^ € L> w (Gp~, F') for some F'. As r < 1, this 
implies that 

In particular, their derivatives agree, that is 
But for a general fi € D^ r ' s '(G p oo,F), we have 

a (/,<**■>) ( Wp ) = a pM ( Wp o^) 

for all w p € Op, hence 

P n 'd p L ai p{uj) = a"^S p L a ,, a (cj) 
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as required. □ 

Proposition 2.5. For* e {#,t>}, there exist £*,#, £*,b € £)^ ' ^(G p °o,F) smc/i i/iaf 

(8) (£*,a £*,/9) = (i*,# i*,b) Mp. 

Proof. Let us prove the proposition for * = #. Let w p G f2 p and ojp- G Op- and write 
w = WpWp. Recall that 

£#,. det(Mp) = m\ 2 L a ,, - m\ s Lp. m 

for • e {cc,/3}. Since det(M p ) is, up to a non-zero constant in F x , equal to 
log p (l + X)/X, we have det(M p )(w p ) = and d p det(M p )(w p ) ^ 0. On taking 
partial derivatives, Lemma |2"H1 together with (0-© imply that 

where K u is the constant 

m^ 2 (w p )£) w + dpml >Vi {up)cr n * Cu - m% A (u) p )E u - <9 p m£ ^(wp)/?""-"^. 

In particular, we see that L)f p J and Lj? v 2 is a pair of interpolating functions for 
/, so we may proceed as in the proof of Proposition 12.31 (with the roles of p and p 
swapped). □ 

Combining the factorisations (J7J and (|SJ), we obtain Theorem 12.21 

Acknowledgement. The author would like to thank David Loeffler and Henri 
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